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For the gauge couplings, which arise after toroidal compactification of six–dimensional
heterotic N=1 string theories from the T 2 torus, we calculate their one–loop corrections.
This is performed by considering string amplitudes involving two gauge fields and moduli
fields. We compare our results with the equations following from N=2 special geometry and
the underlying prepotential of the theory. Moreover we find relations between derivatives
of the N=2, d = 4 prepotential and world–sheet τ–integrals which appear in various string
amplitudes of any T 2–compactification.
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1. Introduction
The vector multiplet sector of N=2 supergravity in four dimensions is governed by
a holomorphic function, namely the prepotential F [1]. Up to second order derivatives
the Lagrangian is constructed from it. The Ka¨hler metric and the gauge couplings are
expressible by derivatives of this prepotential. Effective N=2 supergravity theories in four
dimensions arise e.g. after compactifications of heterotic string theories on K3 × T 2 or
type IIA or type IIB on a Calabi–Yau (CY) threefold. In the following we will concentrate
on the first vacuum. In addition to the heterotic gauge group, which depends on the
specific instanton embeddings and may be –in certain cases– completely Higgsed away, a
K3 × T 2 heterotic string compactification always possesses the U(1)2+ × U(1)2− internal
gauge symmetry. The first factor comes from the internal graviton and the last factor
arises from the compactification of the six–dimensional tensor multiplet which describes
the heterotic dilaton in six dimensions. The gauge fields of the left U(1)L’s belong to vector
multiplets whose scalars are the T and U moduli of the torus T 2. Their moduli space is
described by special geometry [2][3]. Besides, there is a vector multiplet for the heterotic
dilaton and the graviphoton, whereas the K3 moduli and the gauge bundle deformations
come in scalars of hyper multiplets.
At special points in the T, U moduli space, the U(1)2L may be enhanced to SU(2)L ×
U(1)L for T = U , to SU(2)
2
L for T = U = i and SU(3)L at T = U = ρ where ρ = e
2πi/3
[4]. Logarithmic singularities in the effective string action appear at these special points.
This effect should be seen e.g. in the one–loop gauge couplings, where heavy strings have
been integrated out. Modes, which have been integrated out and become light at these
special points in the moduli space are responsible for these singularities. These one–loop
couplings can be expressed by the perturbative prepotential. Therefore, a calculation of
one–loop gauge couplings gives information about the prepotential (and vice versa). Until
now1, no threshold calculation has been undertaken for gauge groups, where the modulus
and the gauge boson under consideration sit in the same vector multiplet. In the following
we focus on the perturbative prepotential of the vector multiplets.
One–loop gauge threshold corrections are very important quantities for at least three
aspects of string theory: They play an important roˆle in constructing consistent, i.e. anom-
aly free, effective string actions [6], they are sensitive quantities for heterotic–typeII string
1 Except [5].
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duality tests [7][8][9] and shed light on the perturbative and hopefully also on the non–
perturbative part of the prepotential [10]. In this paper we will focus on the last issue:
We calculate threshold corrections to the U(1)2L gauge bosons which are given as certain
τ–integrals. The latter we can express in terms of the prepotential and its derivatives.
This not only gives a check of the framework of N=2 supergravity emerging for heterotic
K3×T 2 string compactifications, which tells us, how these corrections have to be expressed
by the prepotential, but it gives relations between string amplitudes given as world–sheet
torus integrals and the prepotential. Such relations are important for understanding the
structure of string amplitudes in any dimensions and its relation to a function, which in
d = 4 is the N=2 prepotential.
The organization of the present paper is as follows: In section 2 we briefly review
some facts about N=2 supergravity in light of the gauge couplings. Section 3 is devoted
to a string derivation of the U(1)2L–gauge couplings by calculating the relevant string
amplitudes. In section 4 we find various relations between world–sheet τ–integrals and
combinations of the prepotential and its derivatives. These relations allow us to express
the string amplitudes in terms of the prepotential which is the appropriate form to compare
with the supergravity formulae of section 2. In section 5 we trace back the origin of the
gauge couplings to six dimensions via the elliptic genus. Section 6 gives a summary of
our results and some concluding remarks. All technical details for the τ–integrations are
presented in the appendix.
2. N=2 supergravity and effective string theory
For N=2, d = 4 heterotic string vacua arising from K3 × T 2 compactifications, the
dilaton field S, the T and U moduli describing the torus T 2 (and possible Wilson lines) are
scalar fields of N=2 vector multiplets [11][12]. The absence of couplings between scalars of
vector multiplets and scalars of hyper multiplets (describing e.g. the K3 moduli) allows one
to study the two moduli spaces seperately [3]. Since the dilaton field S comes in a vector
multiplet, the prepotential describing the gauge sector may receive space–time perturbative
and non–perturbative corrections in contrast to the hyper multiplet moduli space, which
does not get any perturbative corrections. However in N=2 supergravity one expects a non–
renormalization theorem following from chiral superspace integrals which prohibits higher
than one–loop corrections to the prepotential. Besides, in heterotic string theories, the
dilaton obeys a continuous Peccei–Quinn symmetry to all orders in perturbation theory
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which also forbids higher than one–loop corrections. Therefore, the only perturbative
correction to the tree–level prepotential comes at one–loop, summarized by a function
f . For the prepotential describing the S, T and U moduli space of a heterotic K3 × T 2
compactification one has (neglecting non–perturbative corrections) [12][13]
F (X) =
X1X2X3
X0
+ (X0)2f
(
X2
X0
,
X3
X0
)
, (2.1)
with the unconstrained vector multiplets XI , I = 0, . . . , 3. The function f is much con-
strained by the perturbative duality group SL(2,Z)T × SL(2,Z)U ×ZT↔U2 . The field X0
accounts for the additional vector multiplet of the graviphoton. The gauge kinetic part of
the Lagrangian is
Lgauge = − i
4
(NIJ − N¯IJ )F IµνFµν J +
1
4
(NIJ + N¯IJ )F Iµν F˜µν J , (2.2)
where the gauge couplings are then expressed in terms of NIJ
NIJ = F¯IJ + 2i ImFIK ImFJLX
KXL
ImFMNXMXN
(2.3)
via
g−2IJ = NIJ −N IJ . (2.4)
The scalar partner (and spinor) of the graviphoton is gauge fixed in super Poincare´ gravity.
With the standard choice for the scalar fields of the vector multiplets
S =
X1
X0
, T =
X2
X0
, U =
X3
X0
, (2.5)
we derive from (2.3) and (2.4) for the effective gauge couplings up to orderO(f2, (∂f)2/(S−
S)
g−222 =
(S − S¯)(U − U¯)
(T − T¯ ) −
1
4
[
∂TDT f − ∂T¯DT¯ f¯
]
− 1
4
(U − U¯)2
(T − T¯ )2
[
∂UDUf − ∂U¯DU¯ f¯
]
+
1
2
(U − U¯)
(T − T¯ )
[
∂T ∂Uf − ∂T¯ ∂U¯ f¯
]
+O
(
f2, (∂f)2
S − S
)
g−223 = (S − S¯)−
1
2
[
DTDUf −DT¯DU¯ f¯
]
+
1
4
(T − T¯ )
(U − U¯)
[
∂TDT f − ∂T¯DT¯ f¯
]
+
1
4
(U − U¯)
(T − T¯ )
[
∂UDUf − ∂U¯DU¯ f¯
]
+O
(
f2, (∂f)2
S − S
)
,
(2.6)
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where the covariant derivatives are DT = ∂T − 2(T−T¯ ) and DT¯ = ∂T¯+ 2(T−T¯ ) and the indices
T, U correspond to I = 2, 3 respectively. Of course, there is no dilaton dependence at one–
loop. The expression for g−233 we simply deduce from g
−2
22 by exchanging T and U . The
couplings in (2.6) are related via (T−T¯ )
(U−U¯)g
−2
22 +g
−2
23 = 2(S− S¯)− 12
(
DTDUf −∂T ∂Uf−hc.
)
.
In the interpretation of (2.6) one occurs a puzzle: Along the explanations of above
the gauge–couplings should not receive higher than one–loop contributions, i.e. powers
in 1/(S − S) must not appear. Nonetheless, it is the dilaton independent part of (2.6),
which is relevant for the string one–loop calculations in the next section. This is in precise
analogy of [13], where an expansion like in (2.6) has been performed for the one–loop
Ka¨hler metric. All the same, for completness, let us mention the solution to that puzzle
in view of the gauge–couplings (2.3). The symplectic transformation (XI , FJ)→ (XˆI , FˆJ)
[12]
Xˆ1 = F1, Fˆ1 = −X1 ,
XˆI = XI , FˆI = FI , I 6= 1
(2.7)
changes the metric from N to Nˆ with
Nˆ =


N00 − N01N10N11 N01N11 N02 − N01N12N11 N03 − N01N13N11
N10
N11 − 1N11 N12N11 N13N11
N20 − N10N21N11 N21N11 N22 − N12N21N11 N23 − N13N21N11
N30 − N10N31N11 N31N11 N32 − N12N31N11 N34 − N13N31N11

 . (2.8)
It can be verified that in this new basis (2.8), all gauge couplings involve neither powers of
1/(S−S) nor higher orders in f or its derivatives. This is just an effect of a rearrangement
of all couplings NIJ (2.3) in (2.8). E.g. for gˆ−222 ≡ Nˆ22 − Nˆ 22 = 2iIm
(
N22 − N
2
12
N11
)
one
determines
gˆ−222 = −4(S˜ − S˜)
|U |2
(T − T )(U − U)
− 1
(U − U)2
[
U
2
∂TDT f − U2∂TDT f
]
− 1
(T − T )2
[
U2∂UDUf − U2∂UDUf
]
,
gˆ−223 = −(S˜ − S˜)
(T + T )(U + U)
(T − T )(U − U) −
1
2
[
DUDT f −DUDT f
]
− 1
(U − U)2
[
TU∂TDT f − TU∂TDT f
]− 1
(T − T )2
[
TU∂UDUf − TU∂UDUf
]
,
(2.9)
with the pseudo–invariant dilaton S˜ [12]
S˜ = S +
1
2
∂T ∂Uf . (2.10)
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3. String amplitudes
In this section we determine the one–loop correction to the U(1)2L gauge couplings
of the effective action of an N=2 heterotic string compactified on K3 × T 2 which has
been studied in [12] from a field theoretical point of view. Here we want to focus on the
derivation via string amplitudes. To this end we calculate the CP even part of two–point
one–loop string amplitudes including gauge bosons of the internal Abelian gauge group of
the torus T 2 in a background field method. Then we compare the O(k2) piece of the string
amplitudes with the effective Lagrangian (2.2) of N=2 supergravity. We also compute
three point amplitudes with two gauge bosons and a modulus U or T which corresponds
to derivatives of the gauge couplings.
The relevant vertex operators in the zero ghost picture for the moduli T = T1+ iT2 =
2(b+ i
√
G) and U = (G12 + i
√
G)/G11 w.r.t. the background fields GIJ and BIJ = b ǫIJ
are
V
(0)
± = ∂¯X
±
[
∂X± + i(k · ψ)Ψ±
]
eik·X , (3.1)
where X± = 1√
2
(
X1 ± iX2
)
are the internal bosonic fields, Ψ± their supersymmetric
partners and ψµ are spacetime fermions with µ = 0, · · · , 3. The vertex operators for the
U(1)2L gauge bosons of the internal torus are [14]
V
(0)
A±
= ρ ǫµ∂¯X
±
[
∂Xµ + i(k · ψ)ψµ
]
eik·X , (3.2)
with spacetime polarization tensor ǫµ and ρ(T ) =
√
U2
T2
and ρ(U) =
√
T2
U2
.
There is an important point regarding the choice of normalization of the vertex opera-
tors, which has two, seemingly different, explanations: one based on target–space–duality,
i.e. string theory and one coming from N=2 supergravity. The stringy argument: The
calculated amplitudes have to have a certain modular weight under T– and U–duality as
it can be anticipated from (2.9). This is precisely achieved by that choice. The supergrav-
ity argument: The specific mixing between the scalars of the vector multiplet and gauge
bosons via the covariant derivative involves a coupling which is not the gauge coupling
but given by the Ka¨hler metric. If the fields and propagators are correctly normalized the
corresponding Feynman diagram contributes only with the gauge coupling.
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3.1. Two-point string amplitudes
We consider the O(k2) contribution of the two point one–loop string amplitude in-
cluding two gauge bosons A+µ . It will produce a term
− i
4
∆(TT )
8π2
FTµνF
µν T (3.3)
in the effective action. We denote the one–loop threshold correction to the internal U(1)T
gauge coupling by ∆(TT ). On the other hand, the gauge couplings (2.6), which refer to
the supergravity basis, will turn out to be linear combinations of the couplings of U(1)T
and U(1)U .
We take the gauge boson vertex operators of the two–point function in a constant
background field similarly to [15]. Otherwise, the kinematic factor will cause the two
point amplitude to vanish. Thus we take A+µ (X) = −12FTµνXν with FTµν = const and
the polarization tensor of the gauge boson A+µ is replaced by ǫµe
ik·X → A+µ (X). The
vertex operator of the gauge bosons is then V˜
(0)
A+
= −1
2
FTµνρ(T )∂¯X
+(Xν∂Xµ + ψµψν).
The general expression for the CP even part of the string amplitude is [16]
A(A+, A+) =
∑
even s
(−1)s1+s2
∫
Γ
d2τ Z(τ, τ¯ , s)
∫
d2z1〈V˜ (0)A+ (z, z¯)V˜
(0)
A+
(0)〉 , (3.4)
where
Z(τ, τ¯ , s) = Trs1
[
(−1)s2F qH− 12 q¯H¯−1
]
= ZψZXZX0Zint (3.5)
is the partition function (q = e2πiτ , q = e−2πiτ ) for even spin structures (s1, s2) =
(1, 0), (0, 0), (0, 1) and Zψ =
θα(0,τ)
η(τ) the fermionic partition function where θα are the
Riemann theta functions for α = 2, 3, 4. The contribution from bosonic zero modes is
ZX0 =
1
32π4τ2
2
and ZX =
1
|η(τ)|4 is the bosonic partition function. The fermion number is
denoted by F . The integration region is the fundamental region of the worldsheet torus
Γ = {τ : |τ1| ≤ 12 , |τ | ≥ 1}.
After summing over even spin structures we only get non vanishing contributions if
four space-time fermions are contracted because of a theta function identity. Therefore,
pure bosonic contractions may be omitted. The two point function gives2
〈V˜ (0)A+ (z¯, z)V˜
(0)
A+
(0)〉 = −1
2
FTµνF
µν T ρ(T )2G2F 〈∂¯X+1 ∂¯X+2 〉 , (3.6)
2 We introduced the notation Xi = X(zi, z¯i).
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where GF =
θ1(0,τ)θα(z,τ)
θα(0,τ)θ1(z,τ)
with α = 2, 3, 4 is the fermionic Green function and the
part of G2F depending on spin structures is 4πi∂τ lnZψ which does no longer depend
on worldsheet coordinates. GB = − ln |χ|2 is the bosonic Green function with |χ|2 =
4π2e−2π(Im z)
2/Imτ
∣∣∣ θ1(z,τ)θ1(0,τ)
∣∣∣2. We take the following Green functions for the internal bosons
〈∂¯X±∂¯X±〉 = 2π2(P±R )2
〈∂¯X±∂¯X∓〉 = 2π2P±R P∓R −
π
τ2
+ ∂¯2GB ,
(3.7)
with Narain momenta P+R/L = P¯R/L and P
−
R/L = PR/L which are defined as
PL =
1√
2T2U2
(
m1 +m2U¯ + n1T¯ + n2T¯ U¯
)
PR =
1√
2T2U2
(
m1 +m2U¯ + n1T + n2TU¯
)
.
(3.8)
From
∫
d2z ∂2GB = 0 we get
∫
d2z ∂2 ln θ1(z, τ) = −π. Using this relation we find the
following result
A(A+, A+) = − i
4
FTµνF
µν T∆(TT ) , (3.9)
with
∆(TT ) = −U2
T2
∫
d2τ
τ2
[ ∑
PL,PR
q
1
2
|PL|2 q¯
1
2
|PR|2 P¯ 2R
]
F¯−2(τ¯) , (3.10)
where F−2 = E4E6η24 and we define
Ztorus(τ, τ) =
∑
(PL,PR)
q
1
2
|PL|2q
1
2
|PR|2 :=
∑
(PL,PR)
Zˆtorus . (3.11)
The string amplitude involving 〈V˜ (0)A− V˜
(0)
A−
〉 is easily obtained from (3.9) by exchanging
T2 with U2 and replacing P¯R with its complex conjugate PR. Similarly, for the string
amplitude 〈V˜ (0)A+ V˜
(0)
A−
〉 we get the modular invariant result:
A(A+, A−) = i
4
FTµνF
µν U
∫
d2τ
τ2
∑
(PL,PR)
(
|PR|2 − 1
2πτ2
)
ZˆtorusF¯−2(τ¯) . (3.12)
This result can be directly compared with the one loop correction to the Ka¨hler potential
G
(1)
T T¯
= − i2G(0)T T¯DTDUf + hc. which has been derived in [13]. The second part may be
identified with the Green-Schwarz (GS)–term 2G(1) ≡ ∆univ =
∫
d2τ
τ2
(
− 12πτ2
)
ZtorusF¯−2.
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Our results (3.9) and (3.12) refer to the string basis (3.1) and (3.2) and (therefore)
involve modular invariant integrands. Since the momenta transform under SL(2,Z)T ×
SL(2,Z)U , like (ad− bc = 1)
(PL, P¯R)→
√
cT + d
cT¯ + d
(PL, P¯R) , T → aT + b
cT + d
, U → U ,
(PL, PR)→
√
cU + d
cU¯ + d
(PL, PR) , T → T , U → aU + b
cU + d
,
(3.13)
we realize that these amplitudes transform with specific weights (wT , wU ) = (2,−2),
(wT¯ , wU¯ ) = (0, 0) and (wT , wU ) = (0, 0), (wT¯ , wU¯ ) = (0, 0), respectively. They can be
directly identified with well–defined integrals I2,−2 and I0,0 as will be shown in the next
section.
The one–loop correction to the gauge coupling g−222 , as it has appeared in the last sec-
tion and which is therefore w.r.t. the supergravity basis, is then obtained by taking a linear
combination of string amplitudes (3.9) and (3.12), which corresponds to the correlation
function of two gauge boson vertex operators ATµ =
1
2
[A+µ − (U−U¯)(T−T¯ )A−µ ]:
[
g−222
]1−loop
=
1
4
[
∆(TT )
8π2
− 2(U − U¯)
(T − T¯ )
∆(TU)
8π2
+
(U − U¯)2
(T − T¯ )2
∆(UU)
8π2
]
− 1
8π2
U2
T2
G(1)
= − 1
32π2
[
U − U¯
T − T¯
∫
d2τ
τ2
∑
(PL,PR)
(P¯R − PR)2ZˆtorusF¯−2(τ¯)
]
.
(3.14)
Notify, that in the above expression the GS-term cancels the one in ∆(TU). After symplectic
transformation (2.7) to the gauge coupling gˆ−222 one obtains for its loop–correction:
[
gˆ−2TT
]1−loop
=
U¯2
(U − U¯)2
∆(TT )
8π2
+
U2
(T − T¯ )2
∆(UU)
8π2
+ 2
|U |2
(U − U¯)(T − T¯ )
∆(TU)
8π2
+
|U |2
(T − T¯ )(U − U¯)
G(1)
2π2
= − 1
8π2
[
1
(T − T¯ )(U − U¯)
∫
d2τ
τ2
∑
(PL,PR)
(U¯ P¯R + UPR)
2ZˆtorusF¯−2(τ¯)
]
.
(3.15)
This amplitude can be directly derived from a two point amplitude with vertex operators
corresponding to AˆTµ =
U¯
(U−U¯)A
+
µ − U(T−T¯ )A−µ . Using the results from the next section we
may directly cast (3.14) and (3.15) into the forms (2.6) and (2.9), dictated by supergravity.
In the corrections (3.14) and (3.15), there appears the non–modular invariant GS–
term G(1). On the other hand, the tree–level dilaton field gets modified at one–loop by
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the same amount with an opposite sign [17]. It is the one–loop dilaton S which appears
in (2.9):
g−2string =
S − S
2
− 1
16π2
G(1) . (3.16)
Thus, altogether, the physical coupling stays modular invariant. See also [18] for a more
complete discussion.
3.2. Three-point amplitudes
Now we consider three point amplitudes which involve two internal gauge bosons and
one modulus. First we want to investigate the amplitude including two gauge bosons AT
and one T modulus which is related to ∂T∆(TT )FµνF
µνT in the effective string action,
where ∂T∆(TT ) denotes the derivative with respect to T of the one loop correction to the
U(1)T gauge coupling. The correlation function gives the following contractions:
〈V (0)+ (z1)V (0)A+ (z2)V
(0)
A+
(z3)〉 = KG2F
∏
i<j
|χij |2ki·kj U2
iT 22(
〈∂¯X+1 ∂X+1 〉〈∂¯X+2 ∂¯X+3 〉+ 〈∂¯X+1 ∂¯X+2 〉〈∂X+1 ∂¯X+3 〉
+ 〈∂¯X+1 ∂¯X+3 〉〈∂X+1 ∂¯X+2 〉
)
,
(3.17)
where K =
(
(k2k3)(ǫ2ǫ3)− (k2ǫ3)(k3ǫ2)
)
is the kinematic factor.
Before doing the worldsheet integrals we want to make some comments on possible
additional non trivial contributions to the O(k2) part of the amplitude. We may get contri-
butions from the delta function which might appear in the correlation function 〈∂¯X±∂X∓〉.
If we consider the region |zij | < ǫ then |χij | ≃ |zij | and thus the delta function can be omit-
ted because
∫
d2zi δ
(2)(zij)|zij |2ki·kjf(zik) = 0 where f is some function. But if |zij | > ǫ
and |ki · kjGBij | ≪ 1 then one can expand |χij |2ki·kj = 1− ki · kjGBij + . . . and in this case
one indeed gets contributions from the delta function for the lowest term of the expan-
sion [19]. On the other hand, if the correlation functions can be approximated such that
the worldsheet integral gives
∫
|zil|<ǫ d
2zil
|zil|2ki·kl
|zil|2 ∼ πki·kl one may e.g. produce a O(k2)
contribution from terms of the order O(k4). These contributions are important when one
has to collect all possible terms of a particular order [20]. But in the case considered here,
pinched off integrals only give
∫
|zil|<ǫ d
2zil
|zil|2ki·kl
|zil|4 ≃ πki·kl−1 and thus do not contribute
to the O(k2) piece of the amplitude.
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In the following we will restrict ourselves to the region |zij | < ǫ. Taking into account
the arguments mentioned above it remains to perform the worldsheet integral of (3.17).
We end up with:
A(T,A+, A+)|O(k2) = −Kπ
2 U2
2 T 22
∫
d2τ
{ ∑
PL,PR
q
1
2
|PL|2 q¯
1
2
|PR|2P¯ 3RPL
}
F¯−2(τ¯) (3.18)
This term can be identified with the third derivative of the prepotential3 fTTT which has
been derived in [13] by taking particular derivatives on the integral coming from a CP odd
string amplitude of the one loop correction to the Ka¨hler potential G
(1)
T T¯
. Thus one finds
A(T,AT , AT )|O(k2) = −4iKπ3fTTT . (3.19)
We will have to say more about this result in section 4. We realize that this expression
transforms covariantly under SL(2,Z)T × SL(2,Z)U with weights (wT = 4, wT¯ = 0) and
(wU = −2, wU¯ = 0), respectively.
Besides we calculate the three point amplitudes 〈V (0)+ V (0)A+ V
(0)
A−
〉 and 〈V (0)+ V (0)A−V
(0)
A−
〉
with the result
A(TA+A−) = −Kπ
2
2 T2
∫
d2τ
{ ∑
PL,PR
q
1
2
|PL|2 q¯
1
2
|PR|2
[
P¯R|PR|2PL − 1
πτ2
P¯RPL
]}
F¯−2(τ¯)
A(TA−A−) = −Kπ
2
2 U2
∫
d2τ
{ ∑
PL,PR
q
1
2
|PL|2 q¯
1
2
|PR|2
[
PR|PR|2PL − 1
πτ2
PRPL
]}
F¯−2(τ¯) .
(3.20)
These amplitudes can be casted into the convenient form:
A(TA+A−) = −4iKπ3
[
fTTU +
1
4π2
G
(1)
T
]
A(TA−A−) = −4iKπ3
[
fTUU +
1
4π2
G
(1)
U
]
.
(3.21)
The linear combination which corresponds to the three point amplitude with the T
modulus and two ATµ gauge bosons is
A(TATAT ) = 1
4
[
A(TA+A+)− 2(U − U¯)
(T − T¯ )A(TA+A−) +
(U − U¯)2
(T − T¯ )2A(TA−A−)
]
= −Kπ
2
8
U2
T 22
∫
d2τ
{ ∑
PL,PR
q
1
2
|PL|2 q¯
1
2
|PR|2PLP¯R(P¯R − PR)2
+
2
πτ2
PLP¯R − 1
πτ2
PLPR
}
F¯−2(τ¯) .
(3.22)
3 The relevant relations between the prepotential and τ–integrals may be found in the next
section.
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The string amplitude is not a 1PI diagram but also contains other exchange diagrams
and therefore splits into field theoretical amplitudes containing one loop corrections to the
gauge coupling.
A(TATAT ) = KπU2
4iT2
[
16π2∂T g
−2
TU −
1
4iU2
∆(TT ) +
U2
4iT 22
∆(UU)
]
. (3.23)
4. Prepotential and world–sheet torus integrations
In this section we want to find relations of the one–loop prepotential f and/or deriva-
tives of it to world–sheet τ–integrals as they appear in the previous section. The one–loop
correction4 to the heterotic prepotential (2.1) can be written in the chamber T2 > U2 [10]
f(T, U) =
i
6π
U3 +
2
(2πi)4
∑
(k,l)>0
c1(kl) Li3
[
e2πi(kT+lU)
]
+
1
(2π)4
c1(0)ζ(3) , (4.1)
where the numbers c1(n) are related to the (new) supersymmetric index
Z(τ, τ) = η−2 TrR
[
F (−1)F qL0− c24 qL0− c24
]
, (4.2)
which for heterotic compactifications on K3 × T 2 with the choice of SU(2) instanton
numbers (12, 12), (11, 12) , (10, 14) and (24, 0) becomes [10]
Z(τ, τ) = 2i Ztorus(τ, τ) E¯4E¯6
η24
,
E¯4E¯6
η24
=
∑
n≥−1
c1(n) q¯
n .
(4.3)
The mentioned models lead to the gauge group E7 ×E7 and E7 ×E8, respectively. In the
first three cases the gauge group may be completely Higgsed away. At the perturbative
level these models are equivalent. A fact, which also becomes clear from the unique ex-
pression for the supersymmetric index (4.3) which enters all kinds of perturbative string
calculations (cf. e.g. the previous section). These three models (after Higgsing com-
pletely) are dual to typeIIA Calabi–Yau compactifications, which are elliptic fibrations
over the Hirzebruch surfaces F0,F1,F2. Then the holomorphic part (to be identified with
the Wilsonian coupling) of the three-point functions (3.18) and (3.20) [in particular (3.18)
4 Compared to the previous sections we now change f → if .
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and (3.20)] is related to the Yukawa couplings fTTT , fTTU and fTUU of the Calabi–Yau
manifold, respectively [8][9]. Moreover using mirror symmetry these couplings are given
by the classical intersection numbers of the typeIIB theory. Supersymmetric indices (4.2),
valid for the other bases Fk are the subject of [21]. They allow for more general instanton
embeddings and one ends up with larger terminal gauge groups after Higgsing.
We introduce the polylogarithms (a ≥ 1):
Lia(x) =
∑
p>0
xp
pa
. (4.4)
The integrals we should look for involve Narain momenta from ‘charge’ insertions or
zero–mode contributions. In general they show up in string amplitudes involving U(1)–
charges w.r.t. the internal bosonic fields or after contractions of bosonic internal fields
(belonging to the T 2). I.e. we consider (α, β, γ, δ ≥ 0)
IwT ,wU := (T − T )m(U − U)n
∫
d2τ
τk2
∑
(PL,PR)
PαLP
β
RP
γ
LP
δ
R Zˆtorus(τ, τ) F l(τ) . (4.5)
We want this expression to have modular weights (wT , wU ) and weights (wT , wU ) = (0, 0)
under T, U–duality. This imposes the conditions [cf. (3.13)]:
m = −wT
2
n = −wU
2
γ = α − 1
2
(wT + wU )
δ = β +
1
2
(wT − wU ) .
(4.6)
There is also a relation for k and l which follows from modular invariance of the integrand,
which can be easily deduced after a Poisson resummation on the momenta mi. Since
the integrals (4.5) will be constructed such that they transform with a certain weight
under SL(2,Z)T × SL(2,Z)U we expect that IwT ,wU can be written in terms of modular
covariant derivatives of f rather than usual derivatives. The prepotential f(T, U) has
weights (wT , wU ) = (−2,−2). Acting with the covariant derivative (cf. also section 2)
DT = ∂T − 2
T − T (4.7)
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increases its weight wT by 2. In general with the derivative
DnT = ∂T −
2n
T − T (4.8)
one changes the weight from −2n to −2n + 2. This derivative is also covariant w.r.t. the
Ka¨hler connection aµ ∼ [∂iK(Φ, Φ¯)Dµφi − ∂i¯K(Φ, Φ¯)Dµφ¯i¯], which means from the point
of view of amplitudes that one–particle reducible diagrams with massless states running
in the loop are subtracted to end up with the 1PI effective action.
In subsection 4.1 we consider cases involving only two momenta, i.e. α+β+γ+δ = 2.
In subsection 4.2. some cases of more than two momenta insertions.
4.1. Two momenta insertions
4.1.1. fTT
Let us consider the integral
I2,−2 := (U − U)
(T − T )
∫
d2τ
τ2
∑
(PL,PR)
P
2
R Zˆtorus(τ, τ) F−2(τ) , (4.9)
which after a Poisson resummation on mi (cf. Appendix A) becomes
I2,−2 = (U − U)
(T − T ) T
2
2
∫
d2τ
τ42
∑
n1,n2
l1,l2
Q
2
R e
−2πiTdetAe
−piT2
τ2U2
|n1τ+n2Uτ−Ul1+l2|2 F−2(τ) . (4.10)
with A =
(
n1
n2
−l2
l1
)
∈M(2,Z) and we introduce:
QR =
1√
2T2U2
[
(n2U + n1)τ − Ul1 + l2
]
QR =
1√
2T2U2
[(n2U + n1)τ − Ul1 + l2]
QL =
1√
2T2U2
[
(n2U + n1)τ − Ul1 + l2
]
QL =
1√
2T2U2
[(n2U + n1)τ − Ul1 + l2] .
(4.11)
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In that form (4.10) one easily checks modular invariance, i.e. one deduces the only possible
choice for k and l in (4.5). For the anti–holomorphic function we choose
F−2(τ) =
E¯4E¯6
η¯24
(4.12)
as it arises in physical amplitudes (cf. e.g. section 3). Modular invariance also enables us
to use the orbit decomposition used in [16], i.e. decomposing the set of all matrices A into
orbits of SL(2,Z):
I0 : A =
(
0
0
0
0
)
,
I1 : A = ±
(
k
0
j
p
)
, 0 ≤ j < k , p 6= 0 ,
I2 : A =
(
0
0
j
p
)
, (j, p) 6= (0, 0) .
(4.13)
Clearly, I0 does not give any contribution. The remaining τ–integrals I1 and I2 are pre-
sented in appendix B and we evaluate for (4.9):
I2,−2 = 8π2∂T
(
∂T − 2
T − T
)
f + 8π2
(U − U)2
(T − T )2 ∂U
(
∂U +
2
U − U
)
f . (4.14)
It is quite remarkable, how e.g. the cubic term of the prepotential (4.1), in the combination
of (4.14), gives the last term of (B.19).
4.1.2 fUU
Similary, an expression with modular weights (wT , wU ) = (−2, 2) can be found:
I−2,2 := (T − T )
(U − U)
∫
d2τ
τ2
∑
(PL,PR)
P 2R Zˆtorus(τ, τ) F−2(τ) , (4.15)
which after a Poisson resummation on mi (cf. Appendix) becomes
I−2,2 = (T − T )
(U − U)T
2
2
∫
d2τ
τ42
∑
n1,n2
l1,l2
Q2R e
−2πiTdetAe
−piT2
τ2U2
|n1τ+n2Uτ−Ul1+l2|2 F−2(τ) . (4.16)
After the integration we end up with:
I−2,2 = 8π2∂U
(
∂U − 2
U − U
)
f + 8π2
(T − T )2
(U − U)2 ∂T
(
∂T +
2
T − T
)
f . (4.17)
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Alternatively, with mirror symmetry T ↔ U , which induces the action PL ↔ PL, PR ↔ PR
on the Narain momenta one may obtain (4.17) from (4.9).
4.1.3 fTU
There are several ways to construct from (4.5) τ–integrals of weights wT = 0, wU = 0
which involve at most two Narain momenta insertions. Let us take
Ia0,0 :=
∫
d2τ
τ2
∑
(PL,PR)
Zˆtorus(τ, τ)F 0(τ, τ) , (4.18)
with (Eˆ2 = E2 − 3πτ2 )
F 0(τ, τ) = λ1
ˆ¯E2E¯4E¯6
η¯24
+ λ2
E¯26
η¯24
+ λ3
E¯34
η¯24
(4.19)
and we choose −264λ1 − 984λ2 + 744λ3 = 0 to avoid holomorphic anomalies arising from
triangle graphs involving two gauge fields and the Ka¨hler– or sigma model connection as
external legs with massless states running in the loop. In other words, we want to discard
non–harmonic ln(T −T )(U−U) terms. Later we will see that this combination is precisely
related to the ‘physical’ choice (4.12) for (λ1, λ2, λ3) = (1/6, 1/3, 1/2). In fact:
1
2πi
∂
∂τ
F−2(τ) =
1
6
E¯2E¯4E¯6
η24
+
1
3
E¯26
η¯24
+
1
2
E¯34
η¯24
. (4.20)
The expression Ia0,0 gives a representation for a weight zero automorphic form. However,
non–harmonic, because of Eˆ2 in (4.20). Therefore the theorem of Borcherds [22] does not
apply. Using results of [10] it easily can be evaluated5:
Ia0,0 = 16π2Re(fTU ) + 2G(1) . (4.21)
Using the explicit form of the N=2 version of the GS–term [10]
G(1) =
32π2
(T − T )(U − U)Re
{
f − 1
2
(T − T )∂T f − 1
2
(U − U)∂Uf
}
, (4.22)
we arrive at
5 In [10] the N=2 Green–Schwarz term G(1) is denoted by △univ.
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Re {DTDUf} = 1
16π2
∫
d2τ
τ2
∑
(PL,PR)
Zˆtorus(τ, τ)
[
1
6
ˆ¯E2E¯4E¯6
η¯24
+
1
3
E¯26
η¯24
+
1
2
E¯34
η¯24
]
. (4.23)
In addition, we want to investigate the integral
Ib0,0 :=
∫
d2τ
τ2
∑
(PL,PR)
(
|PR|2 − 1
2πτ2
)
Zˆtorus(τ, τ) F−2(τ) , (4.24)
The additional GS–like term is needed to guarantee modular invariance. That can be seen
after performing the Poisson resummation, which yields:
Ib0,0 = −T 22
∫
d2τ
τ42
∑
n1,n2
l1,l2
QRQR e
−2πiTdetAe
−piT2
τ2U2
|n1τ+n2Uτ−Ul1+l2|2 F−2(τ) . (4.25)
Again, this integral can be determined using formulas of the appendix B with the result:
Ia0,0 = Ib0,0 . (4.26)
Let us now come to the identity (4.20), which is the link to (4.26). Rewriting Ib0,0 as
Ib0,0 =
i
π
∫
d2τ
τ22
∂τ (τ2Ztorus) F−2(τ) (4.27)
and using (4.20) we may also deduce (4.26) after partial integration.
4.2. More than two momenta insertions
Let us give some representative examples.
4.2.1. fTTT
We want to consider the integral
I4,−2 := (U − U)
(T − T )2
∫
d2τ
∑
(PL,PR)
PLP
3
R Zˆtorus(τ, τ) F−2(τ) . (4.28)
With the identity
PLP
3
RZˆtorus =
T − T
2πτ2
P
2
R ∂T Zˆtorus (4.29)
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we are able to ‘transform’ (4.28) into a two–momentum integral of the kind we have
discussed before. In particular, this identity tells us
2πI4,−2 =
(
∂T +
2
T − T
)
I2,−2 . (4.30)
Using (4.14) we obtain after some straightforward algebraic manipulations:
I4,−2 = 4πfTTT . (4.31)
This identity was already derived in [13], however in a quite different manner. Moreover,
we also may directly integrate (4.28) as we have done so in the last subsections. After a
Poisson resummation [cf. (A.1) and (A.5)] the integral (4.28) becomes :
I4,−2 = − (U − U)
(T − T )2 T
4
2
∫
d2τ
τ52
∑
n1,n2
l1,l2
QLQ
3
R e
−2πiTdetAe
−piT2
τ2U2
|n1τ+n2Uτ−Ul1+l2|2 F−2(τ)
+
3
2π
(U − U)
(T − T )2 T
2
2
∫
d2τ
τ42
∑
n1,n2
l1,l2
Q
2
R e
−2πiTdetAe
−piT2
τ2U2
|n1τ+n2Uτ−Ul1+l2|2 F−2(τ) .
(4.32)
The second integral is of the kind (4.16). In fact, using the results of appendix B, we have
explicitly evaluated the integrals (4.32) and checked (4.31).
4.2.2. fTTU
A covariant expression I2,0 containg fTTU may be found by considering ∂TI0,0:
I2,0 := ∂TIb0,0 =
2π
(T − T )
∫
d2τ
∑
(PL,PR)
(
PLPRP
2
R −
PLPR
πτ2
)
Zˆtorus(τ, τ) F−2(τ) .
(4.33)
Whereas in (4.33) each term alone already has weights (wT , wU ) = (2, 0) and (wT , wU ) =
(0, 0), only their combination gives rise to a modular invariant integrand. This may be
seen after doing the Poisson transformation:
I2,0 = 2π
(T − T ) T
4
2
∫
d2τ
τ52
∑
n1,n2
l1,l2
QLQRQ
2
R e
−2πiTdetAe
−piT2
τ2U2
|n1τ+n2Uτ−Ul1+l2|2 F−2(τ)
− 2
(T − T ) T
2
2
∫
d2τ
τ42
∑
n1,n2
l1,l2
QRQR e
−2πiTdetAe
−piT2
τ2U2
|n1τ+n2Uτ−Ul1+l2|2 F−2(τ) .
(4.34)
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Again, for the integration we use the formulas of appendix B to arrive at:
I2,0 = 8π2∂T
(
∂T − 2
T − T
)(
∂U − 2
U − U
)
f − 16π
2
(T − T )2
(
∂U +
2
U − U
)
f
= 8π2fTTU + 2G
(1)
T .
(4.35)
The second term in the integrand of (4.33) might be identified with 4G
(1)
T , although a
splitting of both terms does not make sense because of modular invariance. Besides, only
the combination 8π2fTTU + 2G
(1)
T can be written covariant w.r.t. (4.8).
4.2.3. fTUU
Finally, for the integral
I0,2 := 2π
(U − U)
∫
d2τ
∑
(PL,PR)
(
PLPRP
2
R −
PLPR
πτ2
)
Zˆtorus(τ, τ) F−2(τ) , (4.36)
we borrow the results of section (4.2.2) and use mirror symmetry T ↔ U to obtain:
I0,2 = 8π2∂U
(
∂U − 2
U − U
)(
∂T − 2
T − T
)
f − 16π
2
(U − U)2
(
∂T +
2
T − T
)
f
= 8π2fTUU + 2G
(1)
U .
(4.37)
5. Six dimensional origin of the gauge couplings
Let us consider the amplitudes discussed in the section 3 from a more general point of
view. The gauge kinetic terms (2.2) are deduced from the Einstein term in six dimensions
upon dimensional reduction. In the Einstein frame the latter does not receive any loop
corrections neither in d = 6 nor in d = 4. The relevant object to consider is a two graviton
amplitude (i = 1, . . . , 6)
〈: ǫij ∂¯X i1
[
∂Xj1 + i(k1 · ψ1)ψj1
]
eik1·X1 :: ǫkl∂¯Xk2
[
∂X l2 + i(k2 · ψ2)ψl2
]
eik2·X2 :〉 , (5.1)
which may contain both R and RikjlRikjl corrections. Here ǫij is the gravitational polar-
ization tensor in six dimensions. The amplitude is determined by expanding the elliptic
genus A of K3 w.r.t. R2. In general, in N=1,d = 6 heterotic string theories only the 4–
form part of the elliptic genus gives rise to modular invariant one–loop corrections [23][24].
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For the choice of instanton numbers (n1, n2) = (24, 0) w.r.t. an SU(2) gauge bundle which
leads to the gauge group E7 × E′8 this expansion is given by [23][24][10]
A(τ,F ,R)|4−form ∼
[
(R2 −F2)
ˆ¯E2E¯4E¯6
η¯24
+
E¯26
η¯24
F2E7 +
E¯34
η¯24
F2E′
8
]
, (5.2)
To saturate the fermionic zero modes one has to contract the four fermions which is already
of the order O(k2). Since the worldsheet integral of the bosonic contraction 〈∂¯X i1∂¯Xk2 〉
gives a zero result and thus the O(k2) term of the effective action vanishes, the next to
leading order arises from contractions of ∂¯X i with the exponential eik·X which contributes
another O(k2) term to the amplitude. For the O(k4) contribution we thus obtain [24]:
△6d,N=1R2 ∼
∫
d2τ
τ22
(
E¯2 − 3
πτ2
)
E¯4E¯6
η¯24
= −8π . (5.3)
The ˆ¯E2–piece arises from the worldsheet integral over the contractions of 6d space–time
bosons:∫
d2z12〈∂X¯ i1Xm2 〉〈∂X¯k2Xn1 〉 = −ηimηkn
∫ [
∂¯GB(z12)
]2
= ηimηkn
π2τ2
8
(
E¯2− 3
πτ2
)
. (5.4)
The appearance of ˆ¯E2 in (5.3) may be also understood as the gravitational charge Q
2
grav =
−2∂τ ln η(τ) = 1/6πi E2(τ) [25]. After the torus compactification we obtain in d = 4
[24][25][10]
△4d,N=2R2 ∼
∫
d2τ
τ2
Ztorus
(
E¯2 − 3
πτ2
)
E¯4E¯6
η¯24
. (5.5)
There is however a subtlety w.r.t. to the indices i, j, k, l in deducing the field theoretic
kinematic content of (5.1) for the four dimensional action: Taking all i, j, k, l as d = 4
space–time indices µ, ν gives (5.3) for the RµνρσRµνρσ correction in 4d, i.e. (5.5) after
taking into account the zero modes of the internal torus. However when we want to
deduce the gauge kinetic term (3.3), we keep both i and k as internal indices + which has
been defined in section 3 and extract the O(k2)–piece of (5.1) [cf. (3.7)]:∫
d2z12〈∂¯X+1 ∂¯X+2 〉 = 2π2τ2P¯ 2R . (5.6)
This way we end up at
∆(TT ) ∼
∫
d2τ
τ2
∑
(PL,PR)
ZˆtorusP¯
2
R
E¯4E¯6
η¯24
. (5.7)
after taking into account all kinematic possibilities, in agreement with (3.9). Of course,
the E2–part of (5.3), measuring the gravitational charge, does not occur in △(TT ).
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6. Conclusion
We have calculated the one–loop threshold corrections to the gauge couplings of U(1)
gauge bosons which arise from heterotic N=2, d = 4 compactifications on a torus. These
results fit into the framework of the underlying N=2 supergravity theory. Using (4.21) and
[18] we may cast the effective gauge couplings (3.12) into the final form:
−△(TU)
32π2
=
1
2
Re {DTDUf} = 1
16π2
[
ln |j(T )− j(U)|2 −G(1) + σ(T, U)
]
, (6.1)
where σ(T, U) are the universal one–loop corrections appearing in all gauge threshold
corrections of heterotic N=2 theories [18]. The correction G(1) describes the mixing of the
dilaton and the moduli fields at one–loop [6][12][18].
In section 4 we have calculated several world–sheet τ–integrals as they appear in string
amplitude calculations from various contractions of the internal bosonic coordinate fields.
These expressions appear quite general in heterotic torus compactifications from N=1 in
d = 10, 6, 4 to d = 8, 4, 2. The relevant string amplitudes take a generic form, given
by a τ–integral over the (new) supersymmetric index (4.2) (or variants of it depending
on d), completed with momentum insertions of internal bosonic fields, which take into
account either vertex operator contractions or charge insertions. In the case of K3 ×
T 2 compactifications, a part of the supersymmetric index (4.2) is related to a modular
function f , which is the N=2, d = 4 prepotential. Many τ–integrals can be expressed
through f and its derivatives. Such relations between string–amplitudes and a function f
and its derivatives, as established here for N=2 in d = 4, should also exist in any torus
compactifications of e.g. d = 10, 4 heterotic string theory.
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Appendix A. Poisson resummation
In this section we want to perform a Poisson transformation on the expression
S =
∑
~p∈Λ∗
e−π~p
tα~pe2πi~y
t~p(~ptA~p+~bt~p+ a0)(~p
tD~p+ ~ct~p+ e0) , (A.1)
for some matrices α,A,D (detα 6= 0), vectors ~y,~b,~c and scalars a0, e0. This is achieved like
one does a Fourier transformation on a periodic function F (~x), i.e. [F (~x+ ~p0) = F (~x)]:
F (~x) =
∑
~p∈Λ
e−π(~p+~x)
tα(~p+~x)e2πi~y
t(~p+~x) . (A.2)
With
F ∗(~q) =
1
vol(Λ)
∞∫
−∞
d~x e−2πi~q
t~xF (~x) , (A.3)
we may write:
F (~x) =
∑
~q∈Λ∗
e2πi~q
t~xF ∗(~q)
=
1√
detα
1
vol(Λ)
∑
~q∈Λ∗
e−2πi~q
t~xe−π(~y+~q)
tα−1(~y+~q) .
(A.4)
Along that way a Fourier transformation on (A.1) yields
S = 1√
detα
1
vol(Λ∗)
∑
~q∈Λ
e−π(~y+~q)
tα−1(~y+~q)
{
a′0e
′
0 +
1
2π
[
e′0Tr(α
−1A) + a′0Tr(α
−1D)
+
(
~b+ i(At + A)α−1(~y + ~q)
)t
α−1
(
~c+ i(Dt +D)α−1(~y + ~q)
)]
+
1
4π2
[
Tr(α−1A)Tr(α−1D) + Tr(α−1Aα−1Dt) + Tr(α−1Aα−1D)
]}
(A.5)
with the following abbreviations:
a′0 = a0 − (~y + ~q)tα∗Aα−1(~y + ~q) + i~btα−1(~y + ~q)
e′0 = e0 − (~y + ~q)tα∗Dα−1(~y + ~q) + i~ctα−1(~y + ~q) .
(A.6)
Appendix B. Integrals
B.1. Orbit I1
For the orbit I1 we have to face the following integrals
Iα,β,n1 :=
∑
k,j,p
I˜α,β,n1 = T2 e
−2πiTkp
∫
H+
dτ
τ2+β2
∑
k,j,p
τα1 e
− piT2
τ2U2
|kτ−j−pU|2
e−2πiτn , (B.1)
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for the cases α = 0, . . . , 4 and β = −1, 0, . . . , 3. Clearly, the case α = 0 and β = 0
corresponds to the integral performed in [16]. The case β = −1 is needed for the integrals
appearing in sect. 4.2. We expanded the anti–holomorphic function F (τ) in a power series:
F (τ) =
∑
n≥−1
cne
−2πiτn . (B.2)
The τ1–integration of (B.1) can be reduced to Gaussian integrals:
I˜α,β,n1 =
k−α
k
√
T2U2 e
−2πiTkp e2πT2kp e−2πi
n
k
(j+pU1)
×
∫ ∞
0
dτ2
τ
3
2
+β
2
e−
piT2
U2
(k+
nU2
kT2
)2τ2 e−πp
2T2U2/τ2 Xα ,
(B.3)
with:
X0 = 1
X1 = −in
k
τ2U2
T2
+ j + pU1
X2 = 1
2π
τ2U2
T2
+ (−in
k
τ2U2
T2
+ j + pU1)
2
X3 = 3
2π
τ2U2
T2
(−in
k
τ2U2
T2
+ j + pU1) + (−in
k
τ2U2
T2
+ j + pU1)
3
X4 = 3
4π2
(
τ2U2
T2
)2
+
3
π
τ2U2
T2
(−in
k
τ2U2
T2
+ j + pU1)
2 + (−in
k
τ2U2
T2
+ j + pU1)
4 .
(B.4)
Next, we have to do the τ2–integration. For β = 0, 1, 2 we may borrow results
6 from [26]
for the integrals
I˜0,β,n1 =
(
k
|p|U2
)β
I˜1 ×


[
1 + nU2T2
]−1
β = −1 ,
1 β = 0 ,[
1 + 1T2 (nU2 + 12π )
]
β = 1 ,[
1 + 1T2 (2nU2 + 32π ) + 1T 22 (n
2U22 + 3nU22π + 34π2 )
]
β = 2 ,[
1 + 1T2 (3nU2 + 3π ) + 1T 22 (3n
2U22 + 6nU2π + 154π2 )
+ 1T 3
2
(n3U32 + 3n
2
π U22 + 154π2nU2 + 158π3 )
]
β = 3 ,
(B.5)
6 We thank N.A. Obers for explanation of the notation of [26]. In their final formulae one must
replace p→ |p|.
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with
I˜1 =
1
k|p|e
−2πiTkpe−2πi
n
k
(j+pU1−i|p|U2) e2πT2k(p−|p|) , (B.6)
and:
T2 = k|p|T2 , U2 = |p|U2
k
. (B.7)
Before we continue, let us recover
I0,0,n1 =
∑
k>0
l∈Z
δn,kl Li1
[
e2πi(kT+lU)
]
+ hc. ,
I0,1,n1 =
∑
k>0
l∈Z
δn,kl P
[
e2πi(kT+lU)
]
+ hc. ,
(B.8)
with:
P(kT + lU) = Im(kT + lU) Li2
[
e2πi(kT+lU)
]
+
1
2π
Li3
[
e2πi(kT+lU)
]
. (B.9)
Finally for the cases of interest, we have reduced everything to integrals I˜0,β,n1 given
in eq. (B.5).
kI˜1,β,n1 = −i
n
k
U2
T2
I˜0,β−1,n1 + (j + pU1)I˜
0,β,n
1
k2I˜2,β,n1 = −
n2
k2
U22
T 22
I˜0,β−2,n1 +
1
2π
U2
T2
I˜0,β−1,n1 − 2i(j + pU1)
n
k
U2
T2
I˜0,β−1,n1
+ (j + pU1)
2I˜0,β,n1
k3I˜3,β,n1 = i
n3
k3
U32
T 32
I˜0,β−3,n1 −
3
2π
i
n
k
U22
T 22
I˜0,β−2,n1 − 3
n2
k2
(j + pU1)
U22
T 22
I˜0,β−2,n1
+
3
2π
(j + pU1)
U2
T2
I˜0,β−1,n1 − 3i(j + pU1)2
n
k
U2
T2
I˜0,β−1,n1 + (j + pU1)
3I˜0,β,n1
k4I˜4,β,n1 =
n4
k4
U42
T 42
I˜0,β−4,n1 −
3
π
n2
k2
U32
T 32
I˜0,β−3,n1 + 4i
n3
k3
U32
T 32
(j + pU1)I˜
0,β−3,n
1
− 6
π
i
n
k
(j + pU1)
U22
T 22
I˜0,β−2,n1 +
3
4π2
U22
T 22
I˜0,β−2,n1 − 6
n2
k2
U22
T 22
(j + pU1)
2I˜0,β−2,n1
+
3
π
U2
T2
(j + pU1)
2I˜0,β−1,n1 − 4i
n
k
U2
T2
(j + pU1)
3I˜0,β−1,n1 + (j + pU1)
4I˜0,β,n1 .
(B.10)
Now, the important and nice fact is, that after expanding the expression (B.10), the j–sum,
in the combination of (4.10), (4.16), (4.25), (4.32) and (4.34) becomes trivial and gives the
23
restriction n = kl , l ∈ Z. Then, after a straightforward calculation the orbits IIwT ,wU1
belonging to the integral IwT ,wU can be determined:
I
I2,−2
1 = −
∑
k>0
l∈Z
∑
p>0
δn,kl
(
2
k2
p
+
k
πT2p2
+
1
4π2T 22 p
3
)
xp
−
∑
k>0
l∈Z
∑
p>0
δn,kl
(
2
U22 l
2
T 22 p
+
U2l
πT 22 p
2
+
1
4π2T 22 p
3
)
xp
I
I0,0
1 = −
∑
k>0
l∈Z
∑
p>0
δn,kl
(
2kl
p
+
l
πT2p2
+
k
πU2p2
+
1
2π2T2U2p3
)
xp + hc.
I
I4,−2
1 = −2i
∑
k>0
l∈Z
∑
p>0
δn,kl k
3xp
I
I2,0
1 = −
∑
k>0
l∈Z
∑
p>0
δn,kl
(
4iπk2l +
2ik2
U2p
+
ik
πT2U2p2
+
2ikl
T2p
+
i
π2T 22U2p
3
+
il
πT 22 p
2
)
xp
−
∑
k>0
l∈Z
∑
p>0
δn,kl
(
i
4π2T 22U2p
3
− il
2πT 22 p
2
)
xp ,
(B.11)
with x := e2πi(kT+lU), x := e−2πi(kT+lU).
B.2. Orbit I2
For the orbit I2 the following integrals appear
Iα,β,γ,n2 = T2
∫ + 1
2
− 1
2
dτ1
∫ ∞
0
dτ2
τ2+γ2
′∑
(j,p)
jαpβ e
− piT2
τ2U2
|j+Up|2
e−2πiτn . (B.12)
Here the prime at the sum means that we do not sum over (j, p) = (0, 0), which is taken
into account in I0. The case γ = 0 describes the respective integral of [16]. In that case
one has to regularize the integral. We will only need cases with γ 6= 0. Therefore we have
not to introduce an IR–regulator. See also [27] for discussions. This also means that our
results will not produce any non–harmonic ln(T2U2)–pieces. Such terms are usually signals
of potential anomalies arising in the IR. The τ1–integration is trivial and simply projects
onto massless states, i.e. n = 0. For the τ2–integration we again may use results of [26]:
∫ ∞
0
dτ2
τ2+γ2
′∑
(j,p)
e
− piT2
τ2U2
|j+Up|2
= Γ(γ + 1)
(
U2
πT2
)γ+1 ′∑
(j,p)
1
|j + pU |2γ+2 . (B.13)
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Therefore, we only have to concentrate on the sum
′∑
(j,p)
jαpβ
|j + Up|2γ+2 . (B.14)
Let us first perform the summation for the case p 6= 0 and write:
∑
p6=0
jαpβ
[(j + U1p)2 + p2U
2
2 ]
γ+1
=
1
γ!
∑
p>0
(
1
i
∂
∂θ
)α
pβ−2γ
(
(−1)
2U2
∂
∂U2
)γ
×
∞∑
j=−∞
[
eiθj
(j + U1p)2 + p2U
2
2
+
(−1)β eiθj
(j − U1p)2 + p2U22
]∣∣∣∣
θ=0
.
(B.15)
After using a Sommerfeld–Watson transformation, introduced in [10], (C > 0, 0 ≤ θ ≤ 2π)
∞∑
j=−∞
eiθj
(j +B)2 + C2
=
π
C
e−iθ(B−iC)
1
1− e−2πi(B−iC) +
π
C
e−iθ(B+iC)
e2πi(B+iC)
1− e−2πi(B+iC) ,
(B.16)
we end up with
π
γ!
( −1
2U2
∂
∂U2
)γ { 1
U2
[
[(−U)α + (−1)βUα]
∑
l>0
Li1−α−β+2γ(qlU )
+ [(−U)α + (−1)βUα]
∑
l>0
Li1−α−β+2γ(qlU )
+ [(−U)α + (−1)βUα]ζ(1− α− β + 2γ)
]}
.
(B.17)
Let us now come to the case p = 0 of (B.14)
Qα,β,γ := δβ,0 [1 + (−1)α]
∞∑
j=1
1
j2γ+2−α
, (B.18)
which only gives a non–zero contribution for β = 0. Moreover, we must only consider
α ∈ 2Z. For the examples we discuss in section 4.1. we have α + β = γ = 2 and for the
cases in section 4.2, α+ β = 4, γ = 3. In both cases, the sum (B.18) becomes:
Q2,0,2 = Q4,0,3 = 2
∞∑
j=1
1
j4
=
π4
45
. (B.19)
25
Putting everything together, we obtain for Iα,β,γ,n2 :
Iα,β,γ,n2 = δn,0T2 Γ(γ + 1)
(
U2
πT2
)γ+1
×
{ π
γ!
( −1
2U2
∂
∂U2
)γ [ 1
U2
(
[(−U)α + (−1)βUα]
∑
l>0
Li1−α−β+2γ(qlU )
+ [(−U)α + (−1)βUα]
∑
l>0
Li1−α−β+2γ(qlU )
+ [(−U)α + (−1)βUα]ζ(1− α− β + 2γ)
)]
+Qα,β,γ
}
.
(B.20)
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